ABSTRACT. We compute the Grothendieck group of the category of abelian varieties over an algebraically closed field k. We also compute the Grothendieck group of the category of A-isotypic abelian varieties, for any simple abelian variety A, assuming k has characteristic 0, and for any elliptic curve A in any characteristic.
INTRODUCTION
The purpose of this note is to determine the Grothendieck groups of various categories of abelian varieties. If C is an exact category, then the Grothendieck group K 0 (C ) Let A be the category of abelian varieties over an algebraically closed field k. The morphisms in A are homomorphisms of abelian varieties. Kernels do not necessarily exist in A , but cokernels do exist, and A is an exact category.
To compute the Grothendieck group K 0 (A ), it is helpful to consider the simpler categoryÃ of abelian varieties up to isogeny. This category has the same objects as A , and HomÃ (A, B) = Hom(A, B) ⊗ Z Q, for A, B ∈ Ob(Ã ). The categoryÃ is semisimple by Poincaré's reducibiliity theorem, so that
where the direct sum is over representatives of simple isogeny classes of abelian varieties. We have a surjective map ι : K 0 (A ) → K 0 (Ã ) which sends an abelian variety to its isogeny class. In fact:
Theorem 1.1. The map ι is an isomorphism. In particular, any additive function Ob(A ) → G to an abelian group G is an isogeny invariant.
The proof of Theorem 1.1, which was suggested to us by Julian Rosen, uses a trick involving non-isotypic abelian varieties to reduce to showing the following fact: for every finite group scheme G over k of prime order, there is an abelian variety A over k with an endomorphism whose kernel is isomorphic to G. This fact is easily proved using the arithmetic of elliptic curves. Thus, the proof of Theorem 1.1 exploits the fact that certain elliptic curves have extra endomorphisms, and does not shed much light on the structure of the category A .
For example, one consequence of Theorem 1.1 is that an abelian variety A and its dualÂ determine the same class in K 0 (A ). It is then natural to ask whether we can witness the relation [A] = [Â] in K 0 (A ), using only short exact sequences that are intrinsic to A. In other words, we ask for short exact sequences involving only abelian varieties that can be constructed from A orÂ in some natural way, and that don't involve auxiliary abelian varieties such as CM elliptic curves. One way to formalize this question is as follows.
Let A be a simple abelian variety of dimension g . Write C A for the category of abelian varieties B isogenous to A n for some n ≥ 0, with morphisms as usual. We will write K 0 (A) for K 0 (C A ), but notice that this group depends only on the isogeny class of A. One can then ask whether it is true that [A] = [Â] in K 0 (A). It will follow from our main result below that the answer is typically no.
Write G(A) for the kernel of the map dim :
The group G(A) measures the difference between the category C A and its isogeny categoryC A . We will describe G(A) in terms of the endomorphism algebra D = End(A) ⊗ Q, assuming k has characteristic 0. So let us assume char k = 0 until further notice. Let 
On the other hand, Theorem 1.4 immediately yields the following positive result, giving a canonical class in degree two in K 0 (A): For general A in characteristic p, determining the structure of G(A) is somewhat subtle, and we hope to return to this question in future work. It would also be interesting to compute the groups G(A) when k is a finite field. The answer should be related to Milne's computation [Mi] of the size of the Ext group of two abelian varieties over a finite field. When A is an elliptic curve over a finite field, one can presumably deduce the answer from the results of the recent paper [JKP + ]. The plan for the rest of the note is as follows. In Section 2, we prove Theorem 1.1. In Section 3, we prove a useful criterion for two isogenous abelian varieties B, B ′ ∈ Ob(C A ) to determine the same class in K 0 (A). In Section 4, we define the map deg in Theorem 1.2. In Section 5, we prove that deg is an isomorphism in characteristic 0. In Section 6, we determine G(E ) for any elliptic curve E , in any characteristic.
THE GROTHENDIECK GROUP K 0 (A )
We let k be an algebraically closed field and A the category of abelian varieties over k.
, where the sum is over representatives A of simple isogeny classes of abelian varieties.
Proof. By Poincaré reducibility, it is enough to show that if
We immediately reduce to the case where φ is an ℓ-isogeny for some prime ℓ.
Suppose A and B are abelian varieties, each containing an embedding of a group scheme G of order ℓ. Let C be the quotient of A × B by a diagonal copy of G ⊂ A ⊕ A ′ . Then there are exact sequences
We therefore have the relation
is any quotient of A (resp. B) by a group isomorphic to G. So to prove the theorem, it suffices to find, for every prime ℓ and for every group scheme G of order ℓ, a single abelian variety A and an endomorphism f ∈ End(A) such that ker f ≃ G. In fact, we will show that we can take A to be an elliptic curve E . Write p = char k. If ℓ = p, then G ≃ Z/ℓZ, and we may take E such that End(E ) contains Z[ −ℓ]. Such an elliptic curve exists over any algebraically closed field k, by the theory of complex multiplication. If ℓ = p, then there are three group schemes G to consider, but for all three we will take E with j -invariant lying in F p . In this case, the Frobenius morphism
is an endomorphism. If E is supersingular, then ker F ≃ α p , while if E is ordinary, then kerF ≃ µ p and kerF ≃ Z/pZ. The number of supersingular elliptic curves over F p is related to a certain class number by a result of Deuring [De] , and is always non-zero [C, Thm. 14.18] . On the other hand, the number of supersingular j -invariants overF p is less than p, so there are always j -invariants of both types in F p . This concludes the proof.
Corollary 2.2. Any additive function Ob(A ) → G to an abelian group G is an isogeny invariant.
Corollary 2.2 can be used to show that certain functions are not additive:
Example 2.3. If k =Q, then the stable Faltings height is additive under taking products of abelian varieties. If it were additive under short exact sequences, then it would be an isogeny invariant. But it is easy to see from Faltings' isogeny formula [F, Lem. 5 ] that the height sometimes changes under isogeny.
A USEFUL CRITERION
In this section, we let k be any algebraically closed field. Let A be an abelian variety over k of dimension g , not necessarily simple.
Lemma 3.1. Suppose π 1 : A → A 1 and π 2 : A → A 2 are isogenies such that ker π 1 ∩ ker π 2 = 0. Then
where A 3 is the quotient A/(ker π 1 + ker π 2 ).
Proof. For i = 1, 2, letπ i : A i → A 3 be the natural projection maps, so that kerπ 1 = π 1 (ker π 2 ) and kerπ 2 = π 2 (ker π 1 ).
Then there is a short exact sequence
To see this, we need to check that the kernel of φ :=π 1 −π 2 is contained in the image of π 1 × π 2 . For concreteness, we argue on the level of points, leaving to the reader the exercise of making this argument categorical.
showing that π 2 (P ) −Q is contained in π 2 (ker π 1 ) = kerπ 2 , as desired. Proof. First consider the case where the isogenies have prime degree ℓ. We may assume then that ker π 1 = ker π 2 . By Lemma 3.1 we have
where A 3 = A/(ker π 1 + ker π 2 ). But the same argument works for any two distinct order ℓ subgroup schemes of ker π 1 + ker π 2 ⊂ A [ℓ] . Since ℓ is invertible in k, we can find a third such subgroup C ⊂ ker π 1 + ker π 2 , and we have:
The general case proceeds by induction on the degree. If A → A 1 and A → A 2 have degree n, we can find a subgroup C ⊂ A[n] of order n which 1 It is not enough to argue on the level of points if char k > 0 and ker π 1 + ker π 2 has order divisible by char k, but we will not actually use this case of the theorem.
intersects non-trivially with ker π 1 and ker π 2 . Indeed, if n = ℓ a is a prime power then one can take C to contain any two points P 1 and P 2 of order ℓ in ker π 1 and ker π 2 , respectively. If n = ℓ
is not a prime power, then one can take C to be generated by points of order ℓ 1 and ℓ 2 in ker π 1 and ker π 2 , respectively. Then the isogenies 
Proof. The isogeny f can be thought of as an element M ∈ GL n (D). If D is commutative then one has the formula deg( f ) = deg(det M).
In the general case, there is no well behaved determinant map [Mu, §19] . On the other hand, for g ∈ D, we have
where Nrd : D × → F × is the reduced norm. The lemma then follows from Dieudonné's result [Di] that Nrd n (GL n (D)) = Nrd(D × ).
Lemma 4.4. Let B ∈ C A and let f : A n → B be an isogeny. Then the class of
The isogeny φ f * L : A n →Â n ∼ = A n has degree in deg(D) by Lemma 4.3. Hence
If g : A n → B is another isogeny, then the composite map
Here, ψ is any principal polarization. So modulo deg(D), we have
and therefore deg( 
Proof. From the sequence
we conclude
So it suffices to show that deg(h) is in deg(D). For this, note that ker h is isomorphic to the kernel of the isogeny φ Mĵ φ L j ∈ End(B 1 ). Then by Corollary 4.11, deg(h) ∈ deg(D).
We therefore have a homomorphism deg A :
. By Remark 4.10, the restriction of deg A to the dimension 0 subgroup G(A) ⊂ K 0 (A) is independent of A, so we write
This homomorphism is surjective, since we work over an algebraically closed field. In fact:
Proof. We write A n for any A n ∈Ã such that dist A (A n ) = n. The class [A n ] ∈ K 0 (A) is independent of the choice of A n by Theorem 3.2. By Lemma 3.1, we have, for any m, n ∈ Z + :
because we can always represent A n and A m by cyclic quotients of A with non-intersecting kernels C n and C m (since char k = 0), and A mn by the quotient A/(C m +C n ). Note that K 0 (A) is generated by classes [A ′ ] of simple A ′ Ob(C A ). Thus, any β ∈ G(A), can be written as
Equivalently, there is an isogeny f :
is injective, and hence an isomorphism.
As a corollary, we obtain Theorem 1.4: In this section we determine G(E ), for any elliptic curve E over any algebraically closed field k, of any characteristic. The characteristic 0 cases can be read off from Theorem 1.2: Theorem 6.1. Suppose k =k has characteristic 0 and E /k is an elliptic curve with endomorphism algebra D. Then the degree map induces an isomorphism
In the CM case, we can make the group structure of G(E ) more explicit:
Proposition 6.2. If K is imaginary quadratic over Q, then
Proof. If ℓ = Nm(α) for some α ∈ K × , then ℓ is not inert in K and (α) = laā −1 for some ideal a of O K and some prime l above ℓ. It follows that [l] is a square in C . We therefore get a well defined map
by sending an inert prime ℓ to the generator of Z/2Z in the ℓth slot, and sending a non-inert prime ℓ to the class of [l] Now suppose k has characteristic p > 0. There are three cases to consider, depending on the dimension of D = End(E ) ⊗ Q over Q.
Theorem 6.3. If E is supersingular, then G(E
Proof. The isogeny class of E is the set of supersingular elliptic curves. It is therefore enough to show that [
for any other supersingular elliptic curve E ′ . By [Ko, Cor. 77] , we may choose a prime number ℓ = p such that there exist ℓ-isogenies
Theorem 6.4. If D is isomorphic to an imaginary quadratic field K , then the degree map induces an isomorphism G(E
Proof. We may assume that End(E ) is isomorphic to the ring of integers O K . Let E ′ be an elliptic curve isogenous to E . By a result of Deuring [De, p. 263] , the ring End(E ′ ) has index prime to p in O K and p is split in O K . Thus, by [Ka, Prop. 40] , the rank two quadratic form deg: Hom(E , E ′ ) → Z, has discriminant prime to p. It follows that there is an isogeny E → E ′ of degree prime to p. Now we proceed exactly as in the proof of Theorem 5.2, but using the fact that [
is not a torsion group. Proof. We define an additive map deg p,E : Ob(C E ) → Z as follows. For any isogeny f : B → B ′ in C E , let e( f ) denote the number of Jordan-Holder factors of ker f isomorphic to Z/pZ, let c( f ) denote the number of factors isomorphic to µ p , and let
where f is any isogeny f : B → E n . To check that this is well-defined we use:
Proof. The case n = 1 is clear since then f ∈ Z and E [p] ≃ Z/pZ ⊕ µ p . For n > 1, we may think of f as a matrix M ∈ Mat n (Z). We may assume M is in Smith normal form, at the cost of choosing a new product decomposition for E n . Then ker f is the direct sum of kernels of endomorphisms of E and the lemma follows from the case n = 1.
by the lemma. So deg p,E (B) is well-defined. We also conclude that deg p ( f ) = 0 for any f ∈ End(B), just as in Corollary 4.11. One now checks that deg p,E is additive, exactly as in Proposition 5.1. We therefore get an induced map K 0 (E ) → Z which depends on E . But the restriction to G(E ) gives a canonical map deg p : 
for any isogeny f : E 1 → E 2 . It follows that tot is surjective, and we will show that it is injective as well. For every (a, n) ∈ Z ⊕ Z + with n prime to p, we let E a,n be any elliptic curve admitting an isogeny f : E → E a,n such that deg p ( f ) = a and deg ℓ ( f ) = n. Then the class of [E a,n ] in K 0 (E ) is independent of the choice of E a,n . Indeed, the isogeny f : E → E a,n can be factored as
where E a is the unique étale quotient of E of degree p a , and g is an nisogeny. Thus the class of [E a,n ] is uniquely determined by Theorem 3.2.
Using Lemma 3.1, we obtain the following relations in K 0 (E ), for any integers a and b, and any positive integers n and m coprime to p: 
